
      
 

  
https://scopmajd.com/ « ISI: (0.360) « ISSN (Online): 3005-2033 

1 

 2023( تشرين الثاني 5( المجلد )5مجلة المجد العلمية المتطورة العدد )             

  

 
   

         
   

    
   

   

1 

        

            

    

    

By: Dr Fakhreldin Salah Gasem 
 Assistant Professor, University of Hail  

 

     15/1/2024تاريخ النشر:             2023 /24/12تاريخ القبول:              21/12/2023تاريخ الاستلام: 

 
 
  

     
        

 2024 الثانيكانون ( 2( المجلد )2العدد ) مجلة المجد العلمية المتطورة 

Some Properties and Topological Structure of the Space of Weighted Composition Operators 

Between Hardy Spaces 

بين الفضاءات الصلبة   بعض الخصائص والبنية الطوبولوجية لفضاء عوامل التركيب الموزون   

 

https://scopmajd.com/


          
 

          
https://scopmajd.com/ « ISI: (0.360) « ISSN (Online): 3005-2033 

2 

Some Properties and Topological Structure of the Space of Weighted 
Composition Operators Between Hardy Spaces 

 الملخص:

ا اددوب و ةلح ادتةةةا   عندهدفت هذه الدراسةةةلى مع فةرفلى   a| = 1| عوافل التركيب المرجحلى للأطياف الهرفيتيلى نةطي أيضةةةا
الذي يةتبر غير ظاتي القطةي والقط  الم افئ.   p ، و لإضةةةةةةافلى مع ظلر، أ هر أا هذه الرفون جمتضةةةةةة ا طي  ال تةةةةةةر ا طيφ(a) = 1 و

طبيةيلى   W_(ψ,ϕ) شةةبط طبيةيلى. نوضةةه أنط مظا كانت W_(φ,ψ) بحيث جم وا  ψ أخيراا، نتةةتمدم هذه النتا لإ لإناللى ازوناا امت  لى
 أو ثا تةةلى. يتت جموفير أوفةةةةةةةةةةةةةةةةاف ازطيةةاف ل  شةةةةةةةةةةةةةة ةةل U مفةةا غير فت ةةافلةةلى ع ى ϕ ، فيجةةب أا جم وا ψ≠ 0 و H^2 (U) ع ى

W_(ψ,ϕ) ∶ H^2 (U) → H^2 (U) عندفا ي وا وحدويًا أو عندفا ي وا طبيةياا ويثبت ϕ نقطلى في U.     نتيجلى ل مصةةا
ونونلى  فا عوافل التركيب المونونلى، نحتةةةب الدوال القصةةةوا ل  ضةةةايا  ال رعيلى المرجمبطلى  لو ا ة الداخ يلى الذريلى المةتاب  ل ضةةةايا   يرطاا الم

 .ونحصل ع ى فيغ واضحلى لإسقاطا  و ا ة النوا  ع ى هذه المتاحا  ال رعيلى

 ا طيلى، البنيلى الطو ولوجيلى، ال ضاي، التركيب المونوا، الةوافل الكلمات المفتاحية:

Abstract   

Spectra Hermitian Weighted Composition Operators We also give bounds and some 

computations when |a| = 1 and φ(a) = 1 and, in addition, show that these symbols include all 

linear fractional p that are hyperbolic and parabolic nonautomorphisms. Finally, we use these 

results to eliminate possible weights ψ so that W_(φ,ψ) is seminormal. We show that if W_(ψ,ϕ) 

is normal on H^2 (U) and   ψ≠ 0, then ϕ must be either univalent on U or constant. Descriptions 

of spectra are provided for the operator W_(ψ,ϕ) ∶ H^2 (U) → H^2 (U) when it is unitary or 

when it is normal and ϕ fixes a point in U. A consequence of the properties of weighted 

composition operators, we compute the extremal functions for the subspaces associated with the 

usual atomic inner functions for these weighted Bergman spaces and we get explicit formulas 

for the projections of the kernel functions on these subspaces. 

Keyword: Linear, Topological Structure , Space , Weighted Composition, Operators. 
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Introduction: 

Weighted composition operators on Hardy spaces have been extensively studied 

in the field of operator theory. These operators defined as the composition of a 

multiplication operator and a composition operator. In recent years, there has been a 

growing interest in studying the properties of essentially normal and normaloid weighted 

composition operators on Hardy spaces . 

An essentially normal weighted composition operator is an operator that 

commutes with its ad joint up to a scalar multiple. In other words, if T is an essentially 

normal weighted composition operator, then TT = λTT*, where λ is a scalar. This 

property has extensively studied in the context of weighted composition operators on 

Hardy spaces. It has been shown that essentially normal weighted composition operators 

have a number of interesting properties, including the fact that they are always normaloid. 

A normaloid operator is an operator that is similar to a normal operator. In other 

words, if T is a normaloid operator, then there exists a normal operator N such that T is 

similar to N. Normaloid operators have been extensively studied in the field of operator 

theory, and they have a number of interesting properties. For example, it shown that 

normaloid operators have a spectral decomposition, and they can be characterized by their 

spectrum . 

In recent years, there has been a growing interest in studying the properties of 

essentially normal and normaloid weighted composition operators on Hardy spaces. 

These operators have been shown to have a number of interesting properties, including 

the fact that they are always normaloid. This has led to further research in the field, with 

the aim of characterizing the properties of these operators and understanding their 

behavior on Hardy spaces. 

Section (1): Some Weighted Composition Operators on 𝑯𝟐 

One of the key properties of weighted composition operators is their ability to 

preserve the Hardy space. That is, if f is in H2, then the composition operator Cphi(f) is 

https://scopmajd.com/
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also in H2, where Cphi is the weighted composition operator with weight function phi. 

This property makes these operators particularly useful in the study of function spaces 

and their properties. 

Definition: 

 We say 𝑈𝐶𝐼 holds for 𝜑 or 𝜑 satisfies 𝑈𝐶𝐼 if 𝜑 is an analytic map of the unit 

disk 𝔻  into itself with Denjoy-Wolff point 𝑎  and the iterates 𝜑𝑛  of 𝜑  converge 

uniformly, on all of 𝔻, to 𝑎. 

We begin by showing that this condition is not particularly helpful when the 

Denjoy-Wolff point 𝑎 belongs to 𝔻. 

Which is impossible. Therefore 𝑔 is the zero vector. 

Theorem(1.1): Let 𝜑: 𝔻 → 𝔻 be a hyperbolic non-automorphism. There is no 𝜓 ∈ 𝐻∞ 

continuous at 𝑧 = 𝑎 such that 𝑊𝜓,𝜑 is hyponormal. 

Proof. Without loss of generality, assume 𝜑(𝑧) = 𝑠𝑧 + 1 − 𝑠 for some 0 < 𝑠 < 1. 

(Otherwise, conjugate 𝑊𝜓,𝜑 by the unitary weighted composition operator 𝑇𝑔𝐶𝜁 where 

𝑔 = 𝐾𝜁(0) and 𝜁 is an automorphism so that 𝜁 ∘ 𝜑 ∘ 𝜁 is in this form. This will change the 

weight function 𝜓, but it will still be continuous at 𝑎 and it is otherwise arbitrary.) Now 

assume 𝑊𝜓,𝜑 is hyponormal. 

It is known that (1 − 𝑧)𝑛  is an eigenvector for 𝐶𝜑  with eigenvalue 𝑠𝑛.  By 

Theorem (1.1) , there is an eigenfunction ℎ ∈ 𝐻∞ for 𝑊𝜓,𝜑 with eigenvalue 𝜓(𝑎), and 

thus ℎ(1 − 𝑧)𝑛 is an eigenfunction for 𝑊𝜓,𝜑 with eigenvalue 𝜓(𝑎)𝑠𝑛 .  

Since 𝑊𝜓,𝜑 is hyponormal, eigenvectors corresponding to different eigenvalues 

must be perpendicular [11]. Then 

0 = ⟨ℎ, (1 − 𝑧)ℎ⟩ = ⟨ℎ, ℎ⟩ − ⟨ℎ, 𝑧ℎ⟩ ⇒ ⟨ℎ, ℎ⟩ = ⟨ℎ, 𝑧ℎ⟩. 

Keeping this result in mind, we now consider the vectors ℎ and (1 − 𝑧)2ℎ ∶ 

0 = ⟨ℎ, (1 − 𝑧)2ℎ⟩ = ⟨ℎ, ℎ⟩ − 2⟨ℎ, 𝑧ℎ⟩ + ⟨ℎ, 𝑧2ℎ⟩ ⇒ ⟨ℎ, ℎ⟩ = ⟨ℎ, 𝑧2ℎ⟩. 

https://scopmajd.com/
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Continuing inductively, we have ⟨ℎ, ℎ⟩ = ⟨ℎ, 𝑧𝑛ℎ⟩  for all integers 𝑛⟩0.  Therefore, by 

Lemma (1.1), ℎ is the 0 vector, which is a contradiction since eigenvectors are non-zero. 

Therefore 𝑊𝜓,𝜑 cannot be hyponormal. 

Below is a list of questions that would extend our work: 

(1) Characterize exactly when the iterates 𝜑𝑛 converge uniformly to 𝑎 on all of 𝔻. 

(2) Completely characterize the point spectrum of 𝑊𝜓,𝜑  when |𝑎| = 1, 𝜑′(𝑎) = 1 and 

the iterates 𝜑𝑛 converge uniformly to 𝑎 in all of 𝔻. 

(3) Completely characterize (𝑐𝑜)(hypo)normal weighted composition operators on 𝐻2. 

(For example, it has not been shown that if 𝑊𝜓,𝜑 is normal, 𝜑 must be linear fractional.) 

(4) In our work and many of our referenced, it seems that when 𝜑 has exactly one fixed 

point 𝑎 in �̅�, that 𝜎(𝑊𝜓,𝜑) = 𝜎(𝜓(𝑎)𝐶𝜑). How often is this true? 

Notes added in proof.  

can be stated in much greater capacity and much more simply. Since we've shown 

that whenever 𝜑  satisfies 𝑈𝐶𝐼  and 𝜑′(𝑎) < 1  with Denjoy-Wolff point 𝑎  on the 

boundary 𝑇𝜓𝐶𝜑  will have uncountably many eigenvectors just as 𝐶𝜑  does, any such 

operator clearly cannot be hyponormal. 

(Hypo normal operators must have orthogonal eigenvectors when the 

eigenvectors correspond to different eigenvalues, and here we have unaccountably many 

eigenvalues and a space with a countable basis.) 

Added in proof. It was pointed out after submission that the results, with identical proof, 

extend to any Banach space 𝑋 of analytic functions on the disk with the following two 

properties. First, for any 𝑓 ∈ 𝐻∞, 𝑔 ∈ 𝑋, 𝑓𝑔 ∈ 𝑋. Second, for 𝑓 ∈ 𝐻∞, ∥∥𝑇𝑓∥∥
𝑋

≤∥ 𝑓 ∥∞. 

this includes 𝐻𝑝  and 𝐴𝛼
2 ,  and the proofs could possibly extend to spaces with other 

multiplier algebras. The authors are indebted to Flavia Colonna for pointing this out. 
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Section (2): Hardy Space 𝑯𝟐(𝕌) 

The Hardy space H2 (U) is defined as the set of all holomorphic functions on a 

simply connected open subset U of the complex plane, such that the integral of the square 

of the modulus of the function over the boundary of any compact subset of U is finite. In 

simpler terms, H2 (U) consists of functions that are holomorphic and have finite energy 

on U. Another important property of H2 (U) is its relationship with the Hardy space 𝐻𝑝 

(U) for 𝑃2 > 2. It can been shown that H2 (U) is a proper subspace of 𝐻𝑝 (U) for p > 2. 

This means that functions in H2 (U) have a more regular behavior than functions in 𝐻𝑝 

(U) for p > 2. 

Here we collect some background information necessary to our work and then 

present some simple necessary conditions for 𝑊𝜓,𝜑: 𝐻2(𝕌) → 𝐻2(𝕌) to be normal. 

The Hardy space 𝐻2(𝕌) is a Hilbert space with inner product 

⟨𝑓, 𝑔⟩ = ∑  

∞

𝑛=0

𝑓(𝑛)�̂�(𝑛)̅̅ ̅̅ ̅̅ , 

Where (𝑓(𝑛)) and (�̂�(𝑛)) are the sequences of Maclaurin coefficients for 𝑓 and 

𝑔 respectively. The norm of 𝑓 ∈ 𝐻2(𝕌) is given by (∑𝑛=0
∞  |�̂�(𝑛)|2)

1/2
 or, alternatively, 

by 

∥ 𝑓 ∥𝐻2(𝑈)
2 =

1

2𝜋
∫  

2𝜋

0

|𝑓(𝑒𝑖𝑡)|
2

𝑑𝑡,                                        (1) 

Proposition(2.1): Suppose that 𝜑 is a linear fractional selfmap of parabolic type and 𝜓 =

𝐾𝜎(0), where 𝜎 is the Cowen auxiliary function for 𝜑; then 𝑊𝜓,𝜑 is normal. 

Proof. Let 𝜔 be the Denjoy-Wolff point of 𝜑 so that |𝜔| = 1, 𝜑(𝜔) = 𝜔, and 𝜑′(𝜔) =

1. by considering conjugation via 𝐶𝜔𝑧, we can, without loss of generality, assume that 

𝜔 = 1. 

Because 𝜑 is parabolic and fixes 1 , it has the from given by : 

https://scopmajd.com/
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𝜑(𝑧) =
(2 − 𝑡)𝑧 + 𝑡

−𝑡𝑧 + (2 + 𝑡)
,     (3) 

where Re (𝑡) ≥ 0. becomes in this situation 

|2 + 𝑡|2

|2 + 𝑡|2 − |𝑡|2 − 4Re (𝑡)
𝐶𝜎∘𝜑 =

|2 + 𝑡|2

|2 + 𝑡|2 − |𝑡|2 − 4Re (𝑡)
𝐶𝜑∘𝜎      (3) 

Because 𝜑 and 𝜎 have the same fixed point set, they must commute: 𝜎 ∘ 𝜑 = 𝜑 ∘ 𝜎, and 

the normality of 𝑊𝜓,𝜑 follows. 

Suppose that 𝜑  is of hyperbolic type with Denjoy-Wolff point 𝜔 ∈ ∂𝕌  and 

𝜑′(𝜔) = 𝑏 < 1.Without loss of generality we again assume 𝜔 = 1 and hence 𝜑 has the 

form (4): 

𝜑(𝑧) =
(1 + 𝑟 − 𝑡)𝑧 + 𝑟 + 𝑡 − 1

(𝑟 − 𝑡 − 1)𝑧 + 1 + 𝑟 + 𝑡
, (4) 

where 𝑟 = 1/𝑏. Suppose a 𝜑 of this form induces a normal weighted composition 

operator under the conditions of Proposition (2.1). Then, applying both sides of (5 to the 

constant function 1 and evaluating the result at 𝑧 = 0, we obtain 

|1 + 𝑟 + 𝑡|2

|1 + 𝑟 + 𝑡|2 − |𝑟 + 𝑡 − 1|2
=

|1 + 𝑟 + 𝑡|2

|1 + 𝑟 + 𝑡|2 − |𝑟 − 𝑡 − 1|2
.    (5) 

It is easy to see that this condition implies Re (𝑡) = 0  so that 𝜑  is an 

automorphism. Thus, no hyperbolic non-automorphic linear fractional map (with 𝜔 ∈

∂𝕌 ) can induce a normal weighted composition operator under the conditions . Some 

evidence that this is true in general may be found in [1], whose results show that 

𝑊𝜓,𝜑  cannot even be essentially normal if 𝜓 is, say, 𝐶1  on the closure of 𝕌 and 𝜑 is 

linear-fractional nonautomorphism with Denjoy-Wolff point 𝜔 ∈ ∂𝕌 and 𝜑′(𝜔) < 1. 

Suppose 𝜓  is 𝐶1  on the closure of 𝕌  and 𝜑  is a linear-fractional nonautomorphism 

having DenjoyWolff point 𝜔 ∈ ∂𝕌. shows that 𝑊𝜓,𝜑 is equivalent to 𝜓(𝜔)𝐶𝜑  modulo 

the compact operators; moreover, if 𝜑′(𝜔) < 1, then Theorem 5.2 of [1] shows that 

𝜓(𝜔)𝐶𝜑 is not essentially normal, so that in this situation 𝑊𝜓,𝜑 is not essentially normal. 

https://scopmajd.com/
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Section (3): Bergman Extremal Functions 

Bergman extremal functions are defined as the maximizers of the Bergman 

integral over a given class of holomorphic functions. The Bergman integral measures the 

average value of a holomorphic function over the unit disk. By finding the extremal 

functions, we can gain insights into the behavior of holomorphic functions in the unit 

disk. 

Theorem(3.1) : For 𝜅 ≥ 1, let 𝐻2(𝛽𝜅) be the weighted Hardy space with kernel function 

𝐾𝑤(𝑧) = (1 − 𝑤‾ 𝑧)−𝜅. Suppose 𝑎0  and 𝑎1  are real numbers such that 0 < 𝑎0 < 1 and 

𝜑(𝑧) = 𝑎0 +
𝑎1𝑧

1−𝑎0𝑧
 maps the disk into itself with fixed point 𝛼 in the disk and 𝑓(𝑧) =

𝑐(1 − 𝑎0𝑧)−𝜅 = 𝑐𝐾𝜑(0)(𝑧) for some real number 𝑐. For each non-negative integer 𝑗, the 

function 

𝑔𝑗(𝑧) =
1

(1−𝛼𝑧)𝜅 (
𝛼−𝑧

1−𝛼𝑧
)

𝑗

         (6)     

is an eigenvector of the operator 𝑊𝑓,𝜑 with eigenvalue 𝑓(𝛼)𝜑′(𝛼)𝑗. 

Proof. Since 𝑔𝑗 is a bounded analytic map on the unit disk it belongs to 𝐻2(𝛽𝜅). 

𝑊𝑓,𝜑(𝑔𝑗)(𝑧) =
𝑐

(1 − 𝑎0𝑧)𝜅

1

(1 − 𝛼𝜑(𝑧))𝜅
(

𝛼 − 𝜑(𝑧)

1 − 𝛼𝜑(𝑧)
)

𝑗

(7) 

we get, 

𝑊𝑓,𝜑(𝑔𝑗)(𝑧)  =
𝑐

(1 − 𝑎0𝑧)𝜅

1

(1 − 𝑎0𝛼)𝜅

(1 − 𝑎0𝑧)𝜅

(1 − 𝛼𝑧)𝜅
(𝜑′(𝛼) (

𝑧 − 𝛼

𝛼𝑧 − 1
))

𝑗

 =
𝑐

(1 − 𝑎0𝛼)𝜅
(𝜑′(𝛼))

𝑗 1

(1 − 𝛼𝑧)𝜅
(

𝛼 − 𝑧

1 − 𝛼𝑧
)

𝑗

= 𝑓(𝛼)𝜑′(𝛼)𝑗𝑔𝑗(𝑧)

(8) 

We can apply this to the case in which 𝑊𝑓,𝜑 is compact. 

Theorem (3.2): For 0 < 𝑟 < 1, let 𝑃𝑟  be the orthogonal projection onto the subspace 

𝐻(ln 𝑟)/2 in 𝐻2(𝛽𝜅). If 𝑢 is any point of the open unit disk, then for 𝐾𝑢(𝑧) =  (1 − 𝑢‾𝑧)−𝜅 

https://scopmajd.com/
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(𝑃𝑟𝐾𝑢)(𝑧) =
1

Γ(𝜅)(1 − 𝑢‾𝑧)𝜅
Γ (𝜅, −

(ln 𝑟)(1 − 𝑢‾𝑧)

(1 − 𝑢‾)(1 − 𝑧)
) (9) 

Proof. Let us first consider the case 0 ≤ 𝑢 < 1. 

Let 𝑤 belong to the unit disk. The subspace 𝐻(ln 𝑟)/2 is closed, therefore 𝐾𝑤 = 𝑏𝑤 + 𝑑𝑤 

where 𝑏𝑤 is in 𝐻(ln 𝑟)/2 and 𝑑𝑤 is in 𝐻(ln 𝑟)/2
⊥ . Now if 𝑔 is in 𝐻(ln 𝑟)/2, then 

𝑔(𝑤) = ⟨𝑔, 𝐾𝑤⟩ = ⟨𝑔, 𝑏𝑤⟩ + ⟨𝑔, 𝑑𝑤⟩ = ⟨𝑔, 𝑏𝑤⟩ 

Thus ⟨𝑔, 𝑏𝑤⟩ = 𝑔(𝑤) for each 𝑔 in 𝐻(ln 𝑟)/2 and each 𝑤 in the disk; that is, 𝑏𝑤 is 

the point evaluation kernel for the Hilbert subspace 𝐻(ln 𝑟)/2. To compute 𝑏𝑤  we put 

𝑏𝑤(𝑧) = 𝑏(𝑧, 𝑤). The subspace 𝐻(ln 𝑟)/2 is an invariant subspace of the operator 𝑊𝑓𝑡,𝜑𝑡 

which is self-adjoint on 𝐴2  hence the restriction of 𝑊𝑓𝑡,𝜑𝑡
 to 𝐻(ln 𝑟)/2  is a self-adjoint 

operator on 𝐻(ln 𝑟)/2. Moreover, because 𝐻(ln 𝑟)/2 is invariant for both 𝐶𝜑𝑡
 and 𝑇𝑓𝑡

, we 

get 

𝑊𝑓𝑡,𝜑𝑡
(𝑏(𝑧, 𝑤)) = 𝑓𝑡(𝑧)𝑏(𝜑𝑡(𝑧), 𝑤) (10) 

and 

𝑊𝑓𝑡,𝜑𝑡

∗ (𝑏(𝑧, 𝑤)) = 𝑓𝑡(𝑤)̅̅ ̅̅ ̅̅ ̅𝑏(𝑧, 𝜑𝑡(𝑤)) (11) 

but 𝑊𝑓𝑡,𝜑t
∗  is self-adjoint on 𝐻(ln 𝑟)/2 therefore 

𝑓𝑡(𝑤)̅̅ ̅̅ ̅̅ ̅𝑏(𝑧, 𝜑𝑡(𝑤)) = 𝑓𝑡(𝑧)𝑏(𝜑𝑡(𝑧), 𝑤) (12) 

hence, 

𝑏(𝑧, 𝜑𝑡(𝑤)) =
𝑓𝑡(𝑧)

𝑓𝑡(𝑤)̅̅ ̅̅ ̅̅ ̅
𝑏(𝜑𝑡(𝑧), 𝑤)            (13) 

Combining Equation (8),  with the known relationship between extremal 

functions and the kernels [9], we see that 

𝑏(𝑧, 0)

√𝑏(0,0)
= 𝐺𝑐(𝑧) =

Γ (𝜅, −
ln 𝑟

1 − 𝑧)

√Γ(𝜅)√Γ(𝜅, −(ln 𝑟))

    (14) 

Let 𝑧 = 0 in the above and we get 
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√𝑏(0,0) =
√Γ(𝜅, −(ln 𝑟))

√Γ(𝜅)
 

Therefore 

𝑏(𝑧, 0) =
Γ(𝜅, −(ln 𝑟)/(1 − 𝑧))

Γ(𝜅)
 

Now by letting 𝑤 = 0 in Equation (37) we get, 

𝑏(𝑧, 𝜑𝑡(0)) =
(1 + 𝑡 − 𝑡𝑧)−𝜅

(1 + 𝑡)−𝜅

Γ(𝜅, −(ln 𝑟)/(1 − 𝜑𝑡(𝑧)))

Γ(𝜅)
   (15) 

Let 𝜑𝑡(0) = 𝑢 then 𝑡/(𝑡 + 1) = 𝑢 hence 𝑡 = 𝑢/(1 − 𝑢) and 1 + 𝑡 = 1/(1 − 𝑢). 

Substituting this value for 𝑡 in 𝜑𝑡 we get 𝜑𝑡(𝑧) =
𝑢

1−𝑢
+(1−

𝑢

1−𝑢
)𝑧

1+
𝑢

1−𝑢
−

𝑢

1−𝑢
𝑧

. This results in 𝜑𝑡(𝑧) =

𝑢+(1−2𝑢)𝑧

1−𝑢𝑧
 and 1 − 𝜑𝑡(𝑧) =

1−𝑢+𝑢𝑧−𝑧

1−𝑢𝑧
=

(1−𝑢)(1−𝑧)

1−𝑢𝑧
. Then 

𝑏(𝑧, 𝑢) =
(

1
1 − 𝑢 −

𝑢
1 − 𝑢 𝑧)

−𝜅

(
1

1 − 𝑢)
−𝜅

Γ (𝜅, −
ln 𝑟

(
(1 − 𝑢)(1 − 𝑧)

1 − 𝑢𝑧
)

)

Γ(𝜅)

=

Γ (𝜅, −
ln 𝑟

(
(1 − 𝑢)(1 − 𝑧)

1 − 𝑢𝑧
)

)

Γ(𝜅)(1 − 𝑢𝑧)𝜅
  (16) 

To summarize the argument so far, we have shown that for 0 ≤ 𝑢 < 1, we have 

(𝑃𝑟𝐾𝑢)(𝑧) =
1

Γ(𝜅)(1 − 𝑢𝑧)𝜅
Γ (𝜅, −

(ln 𝑟)(1 − 𝑢𝑧)

(1 − 𝑢)(1 − 𝑧)
)  (17) 

Since the function 𝐾𝑢(𝑧) is analytic in 𝑧 and conjugate analytic in 𝑢 for 𝑧 and 𝑢 

in the unit disk, the same is true of (𝑃𝑟𝐾𝑢)(𝑧). The function 
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1

Γ(𝜅)(1 − 𝑢‾𝑧)𝜅
Γ (𝜅, −

(ln 𝑟)(1 − 𝑢‾𝑧)

(1 − 𝑢‾)(1 − 𝑧)
)    (18) 

in the conclusion above is also analytic in 𝑧 and conjugate analytic in 𝑢 for 𝑧 and 

𝑢 in the unit disk. Since, for each 𝑧 in the disk, this function agrees with the function 

(𝑃𝑟𝐾𝑢)(𝑧) for 0 ≤ 𝑢 < 1, they are the same function for all 𝑢 in the unit disk. In other 

words, they are the same for all 𝑧 and 𝑢 in the unit disk, as we were to prove. 

Finally, we specialize the result of Theorem to get the restricted kernels for the 

usual Bergman space. 

Conclusion: 

  Weighted composition operators on H2 are a powerful tool in the study of function 

spaces and operator algebras. They have important theoretical properties and practical 

applications in a wide range of fields. Further research in this area is likely to yield even 

more insights and applications. 

The Hardy space H2 (U) is a fundamental function space in complex analysis. It 

consists of holomorphic functions with finite energy on a simply connected open subset 

of the complex plane. The boundary behavior theorem and its relationship with other 

Hardy spaces make it a powerful tool in the study of holomorphic functions. 

Bergman extremal functions are a powerful tool in complex analysis. They 

provide insights into the behavior of holomorphic functions and have applications in 

various areas of mathematics. Understanding the properties of these extremal functions 

is essential for advancing our knowledge in complex analysis and related fields. 
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